Abstract. We prove that a Banach space that is convex-transitive and such that for some element u in the unit sphere, and for every subspace M containing u, it happens that the subset of norm attaining functionals on M is second Baire category in M * is, in fact, almost-transitive and superreflexive. We also obtain a characterization of finite-dimensional spaces in terms of functions that attain their supremum: a Banach space is finite-dimensional if, for every equivalent norm, every rank-one operator attains its numerical radius. Finally, we describe the subset of norm attaining functionals on a space isomorphic to 1 , where the norm is the restriction of a Luxembourg norm on L 1 . In fact, the subset of norm attaining functionals for this norm coincides with the subset of norm attaining functionals for the usual norm.
Introduction.
The spirit of this note is to find some relationship between isomorphic or isometric assumptions of a Banach space and the size of the set of norm attaining functionals. Along this line, James' Theorem is remarkable: a Banach space is reflexive as soon as the set of norm attaining functionals becomes the topological dual space [Ja] . If the Banach space satisfies the Radon-Nikodym property, then the set of norm attaining functionals contains a G δ -dense set (see [Bou] , [Ste1] , [Ste2] ). On the other extreme, if the unit ball of the space X is not dentable, a result due to Bourgain and Stegall states that the set of norm attaining functionals is of the first Baire category in the case that X is separable ( [Bo, Problem 3.5.6] ). In the general case, it is not known if the same result holds. However, for any compact and Hausdorff topological space K, the set of norm attaining functionals on C(K) is first Baire category in the dual (norm topology) (see [KeMS, Theorem 4] ).
We are not going to consider in the dual space any topologies other than the norm topology. However, there are interesting results for the w * -topology or the weak topology in the dual (see for instance [PePl] , [DGS, Lemma 11] and [JiMo, Proposition 3.2] ). A survey of some of the previous results can be found in [ABR2] .
1
In the following, we will denote by N A(X) the set of norm attaining functionals on a Banach space X, that is, N A(X) := {x * ∈ X * : ∃x ∈ X, x = 1, x * (x) = x * }, where X * is the topological dual of X. Before stating the new results, we will mention that any Banach space X can be renormed in such a way that N A(X) has non empty interior [AR1, Corollary 2] . Under some special assumptions of smoothness, if N A(X) has non empty interior, then the space X has to be reflexive. For instance, this happens for Banach spaces with a Hahn-Banach smooth norm [AR2] or for spaces having the Mazur intersection property [JiMo] . In [ABR1] the authors proved that a Banach space X is reflexive if it does not contain an isomorphic copy of 1 and for some r > 0, it holds that the dual unit ball B X * is the w * -closure of the set
It is also known that a Banach space whose dual unit ball can be generated as above is reflexive if the norm is not rough (see [ABR1, Proposition 5] ). As a consequence of previous results, spaces having a lot of isometries (convex-transitive) and such that N A(X) has non empty interior are superreflexive, given that they do not contain isomorphic copies of 1 . In Section 1 we will prove that a certain abundance of norm attaining functionals and isometries on X will imply that the space is superreflexive.
We consider some other functions instead of functionals in the second section. Acosta and Ruiz Galán proved in [AR3] that a Banach space such that every rank one operator attains its numerical radius has to be reflexive. On the other hand, they showed that every infinite dimensional Banach space with a Schauder basis admits an equivalent norm for which some rank one operator does not attain its numerical radius. Here we extend this result to the general case.
In the last section we describe the subset of norm attaining functionals of a space isomorphic to 1 with a norm coming from an Orlicz norm on L 1 , and we pose some open problems that arise naturally.
Section 1.
The result appearing in the first section is motivated by two facts. The first of them is that spaces which are convex transitive (see definition below) are either superreflexive, or the space and the dual are rough [BeRo1, Theorem 3.2] . On the other hand, the transpose of any surjective isometry preserves the subset N A(X) and so, by assuming that N A(X) has non empty interior, the isometries will provide a lot of norm attaining functionals if the space is convex-transitive. Under these assumptions we can expect reflexivity, and by using the first result we mentioned, we actually get superreflexivity.
The presence of points with special properties in the interior of N A(X) will force reflexivity. In order to be more precise, we recall some definitions.
where G(X) denotes the set of all surjective linear isometries on X.
If all the points in the unit sphere of X are big, the space is convex-transitive (see [Rol, §9] ). X is almost-transitive if T ∈G(X) (T u) = S X for any element u in the unit sphere of X.
For instance, the space L 1 [0, 1] is almost-transitive [Rol, Theorem 9.6.4] . L ∞ [0, 1] and the Calkin algebra are convex-transitive [BeRo2, Corollary 4.6 ].
Up to this point, we know that a certain abundance of norm attaining functionals and some other condition imply reflexivity. For instance, a separable convextransitive Banach space X, satisfying that N A(X) is second Baire category, is in fact, superreflexive [ABR1, Proposition 7] . We arrived at the same assertion for a convex-transitive Banach space not containing a copy of 1 and such that N A(X) has non empty interior [ABR1, Proposition 8] .
We do not know any non superreflexive Banach space X that is convex-transitive and such that N A(X) has non empty interior. That is why we asked in [ABR1, Open problem 9] whether or not superreflexivity is satisfied if X is convex-transitive and the set of norm attaining functionals on X has non empty interior. We will use a localization argument to give a new partial answer to the previous problem. For this purpose, some topological property of the set of big points will be needed.
Lemma 2. Let X be a Banach space, then the set of big points is closed.
Proof. Let B ⊂ S X be the subset of big points and y ∈ B. If we fix x ∈ B X , ε > 0, there is b ∈ B satisfying y − b < ε. Since b is a big point, there are elements
where c i ≥ 0 for all i and n i=1 c i = 1. Hence, we have
Since x is any element in the unit ball and ε any positive real number, y is a big point, as we wanted to prove. Proof. We use a similar argument to the one appearing in [Cab, Theorem 1.2] . We will construct an increasing sequence of separable subspaces of X whose union will be dense in the desired subspaceM .
To begin with, we will take Y 1 = M . Let us consider a countable subset D 1 ⊂ S M , which is dense in the unit sphere. Since X is convex-transitive and M is separable, there is a countable subgroup G 1 ⊂ G(X) so that
Hence, Y 2 is a closed linear subspace of X, which is separable and contains Y 1 . Now, we will repeat the procedure by considering a countable subset D 2 ⊂ S Y2 that is dense in S Y 2 and contains D 1 . Since X is convex-transitive, we can find a countable subgroup G 2 ⊂ G(X) containing G 1 so that
In this manner, we will inductively construct sequences
We will takeM = ∪ n Y n , which is clearly a separable closed subspace of X and contains M by i) and ii). In order to check thatM is convex-transitive, we will show that every element in the set
First,M isG-invariant, since for any T ∈ G m by using ii) and v), we have
For any x, y ∈ D, condition iii) gives us that x, y ∈ D n (some n). Therefore, by using vi),
Since D is dense in SM , then BM ⊂ coG(x). By Lemma 2 and the denseness of Property HN A(X) is not restrictive at all from an isomorphic point of view. Every Banach space can be renormed to have HN A [AR1, Proposition 1]. It is easily checked that, for instance, 1 has this property for u = e 1 .
Theorem 5. Let X be a convex-transitive Banach space satisfying property HN A(X). Then X is almost-transitive and superreflexive.
Proof. Let N ⊂ X be a closed and separable linear space of X. If u ∈ S X is the element in X such that N A(M ) is second Baire category in M * for any closed and separable subspace M containing u, we use as M the linear span of u and N , M = Lin{u, N }.
By using Proposition 3, there is a separable, closed and convex-transitive subspaceM ⊂ X containing M , so N A(M ) is second Baire category. By using the result by Bourgain-Stegall [Bo, Theorem 3.5.5 and Problem 3.5.6] , BM is dentable. SinceM is also convex-transitive, by using [BeRo1, Theorem 3.2] , it follows that M is superreflexive, so N is also superreflexive.
Since superreflexivity is separably determined, then X is superreflexive, and by using [BeRo1, Corollary 3 .3], we get that X is indeed almost-transitive. Section 2.
In this section we pay attention to the parallel version of James' Theorem for numerical radius. In order to be more precise, let us recall that the numerical radius of an operator T ∈ L(X) is the real number v(T ) given by
is the unit sphere of X). We say that such an operator T attains the numerical radius if for some (
. A good survey of results on numerical radius can be found in the monographs [BnDu1, BnDu2] .
James' Theorem can be stated as follows: a Banach space is reflexive if, and only if, every rank-one operator on it attains the norm. In [AR3] it is shown that a Banach space is reflexive provided that every rank-one operator attains the numerical radius. However, the converse does not hold. Proof. A simple compactness argument gives us one implication. Thus, we just have to prove that an infinite-dimensional Banach space X admits an equivalent norm for which some rank-one operator does not attain the numerical radius. In view of [AR3, Theorem] we can assume X to be reflexive. Otherwise, the original norm satisfies the desired condition.
Proof of the separable case. If X is separable and infinite-dimensional, we can find a positive number K > 0 and a biorthogonal system {(e n , e * n )} in S X × KB X * such that the space generated by {e n : n ∈ N} is (norm) dense in X and the subset {e * n : n ∈ N} separates the elements in X (see [OPl] or [Pl] ). We will use a similar argument to the one appearing in [AR3, Example] . Let us consider the following subset of X:
where {ε n } is a fixed sequence in 1 satisfying
Because of {ε n } ∈ 1 and the fact that the set {e * n } separates the points in X, it holds that
It is also clear that the set A is (norm) compact. Now let us consider the subset B given by
which is the unit ball of an equivalent norm · on X (aco is the absolutely convex hull). Let Y be the space X endowed with the new norm. Then its dual norm is given by
for any y * ∈ Y * , where we denote by | · | the original norm in X. Now we take the elements z 0 = e 1 , x 0 = e 2 , x n = e 2 + e n (n ≥ 3).
We finish the proof in the separable case by checking that z 0 , x n ∈ B Y , x 0 ∈ S Y and also the following four conditions:
ii) z 0 is a point of smoothness of the norm and the unique functional z * 0 ∈ S Y * such that z * 0 (z 0 ) = 1 is also a point of smoothness (of the dual norm).
The previous assumptions imply that the operator x * 0 ⊗ z 0 does not attain its numerical radius, where x * 0 ∈ S Y * is any support functional of the unit ball at x 0 (see [AR3, Proposition 2] ). Now we will check the previous four conditions. We know by the definition of B that z 0 , x 0 , x n ∈ B Y (n ≥ 3) and, in fact, x 0 = 1 because e * 2 (x 0 ) = 1 and e * 2 = 1. Conditions iii) and iv) also hold since {e * n : n ∈ N} generates a w * -dense subspace of X * , and, since X is reflexive, it is a dense subspace of X * . In order to check condition i) we simply consider the functionals
Finally, we check condition ii). If z
so z * 0 (e n ) = 0 for n ≥ 2. The linear span of {e n : n ∈ N} is dense in X and the previous condition therefore implies that z * 0 = e * 1 and z 0 is a point of smoothness. On the other hand, we have
and so e * 1 attains its norm only at elements in A. If a ∈ A is such an element, then e * 1 (a) = 1, and the fact that
gives us e * n (a) = 0 for n ≥ 2. But the set of functionals {e * n : n ∈ N} separates the points of X, so a = e 1 = z 0 , and z * 0 is also smooth. Extension to the general case. Assume now that X is reflexive and infinitedimensional. Then there exists an infinite-dimensional and separable complemented subspace X 0 of X (see [Lin, Proposition 1] ). In view of the proof in the separable case, we can assume that there is an equivalent norm on X 0 , satisfying the conditions i) to iv) previously checked. Hence, there is an element z 0 ∈ S X0 and a functional x * 0 ∈ S X * 0 such that the rank-one operator x * 0 ⊗ z 0 ∈ L(X 0 ) does not attain its numerical radius.
By renorming X we can assume that we have the decomposition
for some closed subspace Y of X. Since the 2 -sum preserves smoothness, one can directly check that the operator x * 0 ⊗ z 0 still satisfies the conditions i) to iv) (as an operator in X) previously checked in the separable case. Therefore, there is a space isomorphic to X such that the operator x * 0 ⊗ z 0 does not attain its numerical radius.
By considering some classical reflexive spaces, it is known that any compact operator on p (1 < p < ∞) attains its numerical radius (see [BGS] or [Ac] ). In general, one has to renorm in order to get a rank-one operator not attaining its numerical radius. Not too much is known about the rest of the spaces, even in the case of L p [0, 1] . We pose the following problem: Can every reflexive space be renormed so that every rank-one operator on it attains its numerical radius? Section 3.
An explicit description of the subset of norm attaining functionals is known just in a few cases. In this section we will consider 1 embedded into L 1 with an appropriate Luxembourg norm and we will describe the set of norm attaining functionals on 1 , endowed with the restriction of the Luxembourg norm on L 1 .
Let us consider the function M :
Then M is an Orlicz function and the Orlicz space L M [0, 1] is given by the subset of measurable functions f : [0, 1] −→ R such that for some positive real s it holds that
We will consider this space endowed with the Luxembourg norm, that is,
Since the subset {
and, in fact, the identity is an isomorphism.
Since we can embed 1 into L 1 [0, 1] in a natural way, from now on we will take X = 1 endowed with the Luxembourg norm on L 1 . More precisely, we will fix a sequence {A n } of disjoint measurable subsets of [0, 1] such that λ(A n ) = 1 2 n , and consider the mapping T :
which is clearly an embedding from 1 into L 1 . From now on, the norm considered on X is given by
First we will get an expression for the norm on X in terms of the space.
Lemma 8. For any x ∈ X it holds that x = min s ≥ 0 :
Proof. By definition of the function M , if we write f = T x, then
2 n and now it suffices to use the definition of the Luxembourg norm of f to get x = inf s ≥ 0 :
Since M is continuous, by the monotone convergence Theorem, it holds that for any f ∈ L M [0, 1] the infimum defining f M is actually a maximum and so, as a consequence, we obtain the announced statement.
Lemma 9. The Young conjugate of M is the function ϕ :
Proof. By definition of the Young conjugate, it is sufficient to compute
In the next result we compute the dual norm of the space X.
Proposition 10. Let X be ( 1 , · ). Then, for any z ∈ ∞ = X * , z = 0, the dual norm is given by
Proof. If the two functions M and its Young conjugate ϕ were N -complementaries the result would be a consequence of a general result, appearing, for instance, in [RaRe, Theorem 13] .
In the following, we will use the identification X * ≡ ∞ . Let x be an element in X satisfying x ≤ 1 and z ∈ X * \{0}. We will call f :
Since f is the image of x under T , x ≤ 1 and M is continuous, we get 1 0 M (|f |) dλ ≤ 1. Then we have, for any k ∈ R + , the following inequality:
In the case that the previous expression is finite, that is, if k z ∞ ≤ 2, then the above expression coincides with
Hence, we have proven that
Now, simple computations show that the above infimum is attained at the value k = 2 z ∞ and so, we obtain that
Now we will check that the previous inequality becomes an equality for the set of norm attaining functionals. For the function M used, the Luxembourg norm in L M is smooth (see [Tro, Lemma 3.3] ), and so, we will show that for any element x ∈ 1 satisfying that x M = 1, there is an element z ∈ ∞ such that
Since the expression on the right hand side is continuous in ∞ , it will give the dual norm if both norms coincide in the set of norm attaining functionals, which is a (norm) dense subset of X * , in view of the Bishop-Phelps Theorem. For x ∈ X satisfying x = 1, we define the following element
Because of the choice of z we get
On the other hand, since x = 1, then by using Lemma 8, it is satisfied that |x(n)|2 n ≥ 1 for some n and so, z ∞ = 1. As a consequence, we have
By using that x = 1, from Lemma 8 we know that
and it follows that
By using (1), the above identity and (2), we get
Proposition 11. The space ( 1 , · ) is smooth, and for any x ∈ S X , its normalized support functional is the element z given by
Proof. By using [Tro, Lemma 3.3] , L M is smooth, and so ( 1 , · ) is also smooth. By Proposition 10, the functional z has norm one, since the subset {n ∈ N : |x(n)| ≥ 1} is not empty (see Lemma 8) and hence
where we used that x = 1. By using identity (3) of the proof of Proposition 10, we get
Theorem 12. The set of norm attaining functionals on X has non empty interior. In fact,
Proof. Since the set of norm attaining functionals is a cone, assume that an element z ∈ ∞ satisfies that z ∞ = 1, |z(n)| < 1, for every n, and z attains the norm at some element x ∈ S X . By the description of the duality mapping given in the previous result, then 2 n |x(n)| < 1, ∀n ∈ N, and so
Therefore, if z ∈ N A(X), then for some coordinate n it holds that |z(n)| = z ∞ . Now assume that
In the case that |z(n)| = 1, ∀n ∈ N, we will check that z attains its norm. Let us take the element x ∈ X given by x(n) = sign z(n) 1 2 n , ∀n ∈ N. We put C := N\A := n ∈ N : |z(n)| = 1 , and by assumption, C is not empty. We will define an element x ∈ X as follows: Therefore, the set of norm attaining functionals has non empty interior in the dual space (norm topology).
It is not known whether a Banach space X satisfying that for every equivalent norm, the subset N A(X) has non empty interior, has to be reflexive. This problem was posed by I. Namioka during a workshop held in Murcia (1999) .
As proven in [AR1, Corollary 7] , any separable Banach space X that is not weakly sequentially complete admits an equivalent norm for which N A(X) has empty interior. Even for the space 1 , we do not know if it admits a norm satisfying that the set of norm attaining functionals has empty interior. In order to arrive at such a norm, it seems to be reasonable to work with smooth norms. However, we have proven here that the Luxembourg norm does not work.
